The angular turning probability density distribution for motile bacteria is usually measured in local coordinates and is therefore inconvenient for global analyses of the chemotactic bacterial migration. In this paper we present analytical derivations that convert the local angular turning probability density distribution into a global one. The explicit expression of a reduced global turning probability density function for motile bacteria was derived and its relevant properties were investigated. Depending on the angle variable being integrated and the integration range, three types of cosine moments were separately defined and studied. Some statistical indices and parameters such as the directional persistence, persistence number, and one-dimensional reversal probability were found to be embedded in the various moments of the reduced global turning probability density function. Applications of the reduced global turning probability and its integrated moments to a three-dimensional cell balance equation in an axisymmetric system were also discussed.
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Introduction
The study of the random motion for motile bacteria has long attracted the attention of researchers in fields as diverse as cell biology, cell physiology, environmental science, and applied mathematics. Microscopic experimental observations in tandem with appropriate assumptions and mathematical formulations can often yield systematic information concerning the statistical behavior of the random motion exhibited by motile microorganisms. The trajectories of motile cellular strains such as Escherichia coli and Pseudomonas putida are usually idealized as a series of straight line segments joined at angles represented by the random changes of bacterial running directions in a three-dimensional space (Patlak, 1953; Nossal & Weiss, 1974; Othmer et al., 1988; Berg, 1993; Phillips et al., 1994) . The straight segment is called a run, and the change of directions caused by the short-lived bacterial tumble is called a turn. From experimental observations, the tumble is known to occur randomly with no correlation to prior events, and thus is a true Poisson process (Berg & Brown, 1972 
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directions after a tumble is also random and uncorrelated with past history. The time duration of a tumble is generally one order smaller than the mean run time. Thus it is typically assumed that tumbling and turning are instantaneous compared with the run. The motion of a motile bacterium in analog to the random motion of gas molecules has been visualized as a random walk in a three-dimensional space (Berg, 1993) . This approximation, visualizing each bacterium as a random walker, serves a conceptual basis in mathematically formulating the observed random-walk behavior. For example, the statistical characterization of directional changes between runs is one of the many subjects that have been extensively studied (Macnab & Koshland, 1973; Lovely & Dahlquist, 1975; Schnitzer et al., 1990; Berg, 1993; Frymier et al., 1993; Duffy et al., 1995) . In those studies, a local spherical coordinate system along each line segment of the run was adopted. Figure 1 depicts such idealized trajectories and the corresponding local spherical coordinate system at each turning point joint by any two consecutive running segments. In accordance with experimental observations, the stochastic turning process in Fig. 1 is regarded as a product of two independent stochastic processes, one in the azimuthal angle f* defined relative to the preceding run, and the other in the spherical polar angle a between the two running vectors. For some motile strains (e.g. E. coli and P. putida) the probability distribution in the azimuthal direction is found to be uniform, indicating a stochastic turning process with a constant probability density along f*. However, the probability distribution for the turn angle a is governed by a probability density function W(a) called the local turn angle probability density function (PDF). The turning probability density distribution, being only a function of a and remaining constant in the azimuthal rotation, is said to possess ''rotational invariance''. Therefore the quantity W(a)sin a da represents the probability that the bacterial F. 1. Diagram of idealized bacterial trajectories joined by discontinuous changes in directions (turns). The turning angles (a, f*) for each turn are determined in local spherical coordinates according to its preceding run. the persistence angle a is interpreted as the average turn angle for each turn in successive runs.
In the past few years, many mathematical models (Stroock, 1974; Segel, 1976 Segel, , 1977 Alt, 1980; Rivero et al., 1989; Schnitzer, 1993) with varying levels of complexity have been proposed to describe the conservation equation of the motile bacterial number density based on the approximated idea exhibited in Fig. 1 . Among the most general ones are those proposed by Stroock (1974) and Alt (1980) because their models fully accounted for the bacterial three-dimensional motion. Ironically, these equations, owing to the complexities arising from their own generality, are difficult to employ and thus have not received popular attention. Lately Ford & Cummings (1992) showed that under certain circumstances, the three-dimensional equations from Stroock (1974) and Alt (1980) can be simplified considerably. They showed that under the assumption of a Poisson distribution of run lengths, both the Stroock and Alt equations can be simplified to
for an axisymmetric system. In such a system, all field functions depend only on one spatial coordinate, say the z-axis. In eqn (1), z denotes the axisymmetric axis, v the constant bacterial running speed in three dimensions, u the bacterial running angle made with respect to the positive z-axis, n(z, u, t) the bacterial angular number density in the sense that n(z, u, t) dx dy dz sin u du is the expected number of bacteria in the volume element dx dy dz about the position z, whose velocities lie in the ring element of the velocity space 2p sin u du about u, at time t; p t (z, u, t) is the bacterial tumbling frequency, and K(u '=u) is termed the reduced global turning PDF so that K(u '=u)sin u du represents the conditional probability, given that the running direction was in u ' running direction after a tumble lies within the ring element between a 0 a + da of the directional sphere (see Fig. 2 ), and has the conserved property f p 0 W(a)sin a da = 1. Experimental characterizations of W(a) have been reported by Berg & Brown (1972) and Koshland (1973) for the bacteria E. coli, and by Duffy et al. (1995) and Duffy & Ford (1997) for P. putida.
From this turning probability density distribution W(a), some statistical indices about bacterial random motion have been assessed, one of which is the ''index of directional persistence'', c d , defined to be the mean cosine of the turn angle a from the distribution W(a),
W(a)cos a d(cos a).
It should be noted that this formula is contingent upon a constant probability density in f*. Another statistical index is the persistence number, N , defined by Macnab & Koshland (1973) as N = p/ a with a being the mean turn angle, a = f 
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before a tumble, a bacterium next turns into a new direction between u and u + du after the tumble. The reduced global turning PDF is defined by Ford & Cummings (1992) as an integration of k(sx '=sx ) over both the azimuthal variables f and f' in global coordinates,
to eliminate all azimuthal dependence. Similarly, the kernel k(sx '=sx ) represents the conditional probability density that, given that the running direction before a tumble was sx ', a bacterium subsequently turns into sx after the tumble. sx ' and sx are unit directional vectors and can be expressed in the global coordinates to be
To integrate eqn (2), one needs to transform the local turning mechanism into k(sx '=sx ) in terms of the global spherical angles (u ', f ') and (u, f). Thus k(sx '=sx ) is the complete global turning probability density function, and K(u '=u) is the reduced one after removing the azimuthal dependence. One also sees that K(u '=u), instead of W(a), is directly needed in eqn (1). In general, the turning probability distribution based on a local coordinate system is more useful in the microscopic simulation of the trajectories of a single bacterium; whereas the global turning probability distribution is more suitable for a Eulerian formulation. In other words, to formulate a conservation equation for the bacterial number density in the frame of Eulerian coordinates, the original information about the turning behavior such as W(a) built on a local coordinate system cannot be readily utilized, and needs to be converted into K(u '=u) first. Consequently, K(u '=u) is no less informative than W(a). However, existing experimental data for bacterial turning probability distribution are usually expressed in the form of W(a) (Berg & Brown, 1972; Liu & Papadopoulos, 1995; Duffy et al., 1995) . It should be noted that from experimental point of view, the reduced global turning PDF K(u '=u) is equivalent in accessibility to the local turn angle PDF W(a): instead of calculating the angles between runs, K(u '=u) can be determined by calculating the angle of each single running vector relative to a reference axis. Despite the experimental accessibility and the immediate applicability to the cell balance equation, the reduced global turning probability density function has not been extensively measured or studied yet, probably because of the huge amount of data needed to characterize possible correlation in K(u '=u). Thus in the literature only W(a) is ever reported. Despite their importance in the cell balance equation, a systematic study of k(sx '=sx ) or K(u '=u) has rarely been addressed and consequently many relevant properties remain obscure. For example,
, which results from the interchangeability in K(u '=u) and is not quite well known. The various cosine moments defined with respect to K(u '=u) also reveal valuable geometrical interpretations about some commonly used statistical indices in the literature such as the directional persistence, persistence number, and one-dimensional reversal probability. These indices are crucial in the experimental quantification of the motile bacterial random and biased movement.
In this article we first review how to mathematically convert the local turning PDF W(a) into the reduced global turning PDF K(u '=u) and then explore some important properties and interpretations of K(u '=u) and its related products. In the next section we analytically derive the reduced global turning PDF based on the local turning PDF W(a). Through the conversion process, the interchangeability of the two angle variables in K(u '=u) becomes self-evident. In Section 3 we focus on the moment analysis of K(u '=u) by defining various cosine moments in terms of K(u '=u). We show that the most complete representation for directional persistence should be a vector aligned with the previous running direction, and its overall persistence effect can be linearly projected onto arbitrary axes via a vector-product operation. Two different one-dimensional reversal probabilities frequently cited in the literature are related to the half-moments at different integration orders. Applying the readily available K(u '=u) and its various integration properties, in Section 4 we derive the bulk Fickian flux expressions at different approximation orders.
Deviation
For simplicity, from now on when we mention the global turning PDF, we mean the reduced one K(u '=u) unless otherwise notified.
To derive a global turning PDF in a global spherical coordinate system based on the fixed z-axis, the transformation between two bases of the local and global coordinates must be clarified first. As shown in Fig. 1 , for each running segment, there is a local spherical coordinate system built relative to its preceding running vector. Thus for the running vector sx * after a tumble, it can be represented by
in the local spherical coordinate system with respect to the previous running vector sx '. The same vector sx * can also be represented in the global coordinates as sx on a different basis. Therefore there exists a non-singular transformation matrix operator A such that sx = Asx *. This matrix operator A is called the coordinate transformation matrix that depends on the orientation of the local basis sx ' in the global coordinate system (Fisher et al., 1987) ,
Figure 2 displays the geometrical relationship between the two running vectors immediately before and after a tumble, and the corresponding global and local spherical coordinates systems. From the coordinate transformation, the following relationships can be obtained as constraints upon the valid ranges of all variables a, f*, u, and u ',
and cos a = sin u sin u ' cos(f − f ') + cos u cos u '.
Here eqn (7) can be obtained from entries in the matrix-vector multiplication sx * = A −1 sx , or simply from the dot-product of sx and sx ' in global Cartesian bases, i.e. cos a = sx ·sx '.
If the probability density of choosing the after-tumble running direction, sx , along the local azimuthal f* (see Fig. 2 ) is completely uniform, the probability density function anywhere along f* is a constant 1/2p. Assume now a bacterium was running in the direction (u ', f ') before a tumble. After the tumble, it turns with a total probability W(a)sin a da(df*/2p) (obtained as the product of the two stochastic probabilities, W(a)sin a da and df*/2p) into a new direction element located within a 0 a + da and f* 0 f* + df*. This probability should be equal to k(sx '=sx ) dsx located on the same surface element sin u du df between u 0 u + du and f 0 f + df in the global spherical coordinates. By the definition in eqn (2), it follows that
in which the integration over df ' simply yields a factor 2p that is then canceled out with the same factor in the denominator. The other factor 2 resulting from a mapping symmetry in eqn (8) deserves further explanations. For convenience we can set the origin f* = 0 on the plane that is constructed by the z-axis and sx ' so that f* ranges between −p and p. Given appropriate values of a and f, the loci of the u-cone and the a-cone in Fig. 2 can intersect with each other at two distinct points from which f* is determined. Since the intersecting points are symmetric to the origin, both +f* and −f* will be the intersecting points, each of them corresponds to a distinct f. To make the mapping between (u, f) and (a, f*) one-to-one, we integrate f* over only half of the circle, that is, from the point f* = 0 located on the same plane constructed by the z-axis and sx ' to f* = p (see Fig. 2 ), and multiply the global turning PDF by a factor of 2.
Because of the one-to-one mapping, the integration over f* only corresponds to a limited integration over a. Judging from Fig. 2 , not every a $ [0, p] validly contributes to the global turning PDF. As the running vector (u, f) moves along the locus of the u-cone (i.e. u is fixed), according to eqn (7) the valid value of cos a must be confined between the minimum, cos(u + u '), and the maximum, cos(u − u '), instead of −1 and +1, which indicates certain exclusion of the angle a that results in zero intersection between the two angular cones. Due to the constraint on cos a, the valid range for a is assumed to be [a 1 , a 2 ], and a 1 and a 2 are functions of u and u '. Thus in eqn (8), the global turning PDF K(u '=u) becomes
after utilizing eqn (6). The integration shall be carried out only in a limited range of a since not every a in the full range [0, p] can validly contribute to the global turning PDF. The valid range for a at fixed u and u ',
is found from the transformation relation between those two coordinate systems: a is at its lower limit a 1 when f = f ', yielding cos a 1 = cos (u ' − u). Similarly, a is at its upper limit a 2 when f = f ' 2 p, yielding cos a 2 = cos(u ' + u). Equation (9) provides an explicit relationship between W(a) and K(u '=u). Whenever the experimentally determined W(a) is available, we can evaluate eqn (9) either analytically or numerically. To integrate eqn (9) to obtain K(u '=u), the explicit functional dependence of W(a) on a must be known. This information depends on the molecular mechanisms of flagellar rotation and signal transduction, and is still not well understood at the molecular level. Thus W(a) is usually determined from experiments. Due to the complex trigonometric dependence involved in eqn (9), the empirical W(a) is desired to be expressed as sine/cosine functions of a. This can be accomplished by transforming the experimental W(a) into a Fourier cosine series* (Ko¨rner, 1988) ,
where the coefficients A 0 , A 1 , . . . , A m can be independently determined due to the orthogonal property. Equation (11) can again be transformed into a power series in cos a,
upon employing the following trigonometric expansion:
The last term of the series, Z, is
according as m is even or odd. * Readers should be aware that expanding W(a) into a series of Legendre polynomials is equivalent to the expansion to the Fourier cosine series or power cosine series. To focus on how the power of cos u affects the integration process, we adopt the latter at present, and will show the identity of the two approaches later. Profiles from these approximations and experimental measurements are compared in Fig. 3 . Although the matches between eqns (14a), (14b) and experimental data are not quite satisfactory, one can always add in more higher-order terms to improve the approximation. Substituting eqns 
If the odd-numbered moments are all zero, the distribution is also symmetric about the center [as shown in Fig. 4(b) ]. If a local turn angle PDF W(a) is available from experiments, then its various moments, We note that the integrand in eqn (9) remains unchanged if we switch places for u ' and u since u ' and u appear in pairs. Hence K(u '=u) as a linear combination of all those integral terms is also interchangeable between u ' and u. The interchangeability in the running angles actually results from the implicit assumption of the rotational invariance in the turning process. If a is the only variable in the stochastic turning process, it can be proved with ease that the following equality
also holds. Obviously, this reversibility in the local turning process is preserved in the global turning PDF and makes the two angle variables interchangeable. The symmetry in K(u '=u) inherent from the rotational invariance is also a key element in reaching the uniform bacterial equilibrium distribution, n(z, u, t) = c(z, t)/2, in the angular space in a homogeneous environment. This uniform equilibrium density distribution in u can be found after multiplying eqn (1) by cos u du and integrating over u.
Moment Analysis
Clearly, K(u '=u) is case-specific since the W(a) for different motile strains is also different. It will be desirable to obtain some general results that are independent of the explicit form of W(a) and thus can be applied with generality to all situations. Results of this kind can be achieved by developing various angular moments in terms of K(u '=u). There is a variety of moments that can be defined. Since the global turning PDF has two angle arguments, one before and another one immediately after the tumble, moments of K(u '=u) may be defined according to the angle to be integrated. In addition, moments can also be defined differently according to whether the integration range is full or half.
3.1. -- We first concentrate on the full integration over u ' or u. If the global turning PDF is multiplied by cos m u ' sin u ' du ' or cos m u sin u du, m = 0, 1, . . . , and is integrated over from zero to p, the moment is called the ''pre-moment'' or ''post-moment'' of order m. As an example, the m-th order post-moment is configured in detail as follows:
Note that in eqn (17) the order of integration is reversed, and the integration limits for a and u are modified accordingly. Due to the one-to-one mapping relation between u and a for a fixed u ', the new integration limits u 1 and u 2 for a specific a become
upon substituting in f* = 0 and f* = p, respectively, in eqn (6). The advantage of switching integration order and modifying integration limits is the general results about the post-pre-moments regardless of the explicit form of W(a). One can also perform the integration without switching the integration order and no harm is done. But in this case the explicit form of W(a) must be given and many different functions for W(a) must be tested before any universal conclusion is rendered. Readers can verify for themselves that both approaches produce the same final results. Interestingly, the inner integrals with respect to du in eqn (17) are equivalent to those in eqn (9). Employing the same treatment for the pre-moments, one may find that for the same order m, the post-moment, pre-moment, and the m-th term of K(u '=u) resulting from the integration of the power-order term cos m a in the Fourier series of W(a) all take the same form, which now we designate by M m (u, g). For the individual term in K(u '= u), u and g denote cos u and cos u '. In the case of post/pre-moments, u denotes cos u '/cos u and g l represents c d l . In Table 1 we list the first few terms of M m expressed in the variables q 1 = z(1 − u 2 )(1 − g 2 ) and q 2 = ug. A universal formula is found to be able to represent all the expressions by
where P m (u) is the Legendre polynomial of order m. This power series in eqn (19) ends with the last term being first-or zero-degree in g according to whether m is odd or even. Since the spherical coordinate system is adopted throughout the derivations, the appearance of Legendre polynomial functions (also known as spherical harmonic functions) is expected. Because P m (1) = 1 and P m (−1) = (−1) m , we also have
Utilizing the orthogonal property of Legendre functions, it follows that, after integrating
which are scalar quantities dependent only on the order m, The notation indicates that either u or g in the brackets is to be adopted. By a similar reasoning, it is also found that The coefficient w m subject to the various normalizations in eqn (22) is found to be P m (g) in which g m signifies c d m . The normalization factor (2m + 1)/2 is inserted for convenience. Substituting P m (cos a) into eqn (9) and rearranging, we find that (23) in which the three functions of cos u ', cos u and c d m are completely separated. This clean and simple expression for K(u '=u) is the direct consequence of the addition theorem (see Goertzel & Tralli, 1960 ) that is extremely important in the applications of spherical harmonic functions. The property of separating complicated functional dependence of variables also helps simplify cell balance equations, e.g. now the Legendre polynomials P m (cos u) can be taken out of the integral on the right hand side of eqn (1). In this study we used the bacterial turning kernel to illustrate the validity of the addition theorem in a quite straightforward manner. In the Appendix we provide an alternative derivation of eqn (23) by simply applying the addition theorem.
Next we discuss some interpretations of the first-order moment because of its embedded geometrical implications for directional persistence. We note that the first-order post-moment appears to yield the projected magnitude of c d in the positive direction of the global z-axis, suggesting that the directional persistence after a turning orientation can be written in vector notation as
where sx ' is the unit vector denoting the preceding running direction. The first-order post-moment of the global turning PDF then gives the linear projection of C d along a reference axis (in this case, the z-axis) by which the global spherical angles u ' and u are accordingly defined. In vector notation, C d ·ex z =cos u 'c d with ex z being the unit vector along the z-axis upon which C d is projected. Due to the rotational invariance, we can further extend the idea that the directional persistence C d can be linearly projected onto any arbitrary axis in space by the standard dot-product of the two vectors. Other odd-numbered post-moments also refer to projections of directional persistence of other kinds onto the z-axis. But the projection becomes nonlinear when m is larger than one. Define the bacterial velocities as v = vsx and v' = vsx '. Assuming rotational invariance, Othmer et al. (1988) gave a three-dimensional definition for the bacterial average velocity vā fter the turning reorientation,
which we find equivalent to eqn (24). Then the z component of v¯is v¯·ex z =v(c d cos u '), which is similar to the previous post-moment result, f
Thus the bacterial average velocity after reorientation aligns with its previous velocity v' before the tumble, and the physical meaning of C d is closely related to v¯. Note that C d mathematically represents the cosine-weighted average turning probability along sx '. However, the average velocity v¯is a vector that can be physically projected onto arbitrary axes, which is the underlying reason why we view C d also projectable. In summary, the so-called directional persistence, as its name implies, is directional. The first-order post-moment defined by ex z gives the magnitude of the directional persistence projected from sx ' onto ex z . c d gives an abstract estimation of the mean weighted probability (tendency) for a bacterium to continue its next run in the preceding running direction after a tumble.
-
We begin by defining two terms that will be used frequently in this section. According to the sign of cos u, we can divide the spherical velocity space into two parts, the positive hemisphere and the negative one. If a bacterium is running in a direction in which the z-component, i.e. cos u, is positive, we say this bacterium is running in a positive hemisphere. Conversely, for a bacterium running with a negative z-component, it is said to be running in the negative hemisphere.
There is another class of moments about K(u'=u) involved with the macroscopic mean probability for a bacterium to reverse/persist in its previous running direction relative to a global axis in a one-dimensional manner. Instead of integrating u ' or u over the complete angular range, these moments are defined by integrating over only the corresponding hemispheres as indicated. Such quantities have been considered by Ford & Cummings (1992) in their analogous formulation between Alt's three-dimensional balance equations and the equivalent onedimensional cell balance equations.
Assume that the running direction u ' before a tumble is somewhere in the range [0, p/2] and the u after the tumble is in the range [p/2, p] .
indicates the total probability for a bacterium to turn from the positive hemisphere into the negative in a single turn. Similarly, the integration f
0 K(u '=u)sin u du indicates the total probability for a bacterium previously in the positive hemisphere to remain in the same hemisphere after a tumble. It should be true that
Thus only two of the four different zeroth-order half-moments are distinct, which enables us to define the following half-moments,
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wherein the half-moments that are meant to reverse from one hemisphere to the other are designated by H m (V v), with the subscript m indicating the order of the moment and the symbol V v indicating the reversing character; the half-moments for which the run persists in the same hemisphere are designated by H m (V), with the symbol V indicating the persisting character. The equivalence in the four expressions, respectively, in H m (V v) and H m (V) can be verified from the interchangeability of K(u '=u) and a change of variables: eqn (26a) implies (26b) and eqn (26c) implies (26d). Upon reversing the z-axis by 180 degrees, eqns (26a) and (26b) yield (26c) and (26d), respectively. By the same reasoning, the equivalence in eqns (27a-d) can also be proved. In addition, adding eqns (26) and (27) together, we obtain
After direct integration, it follows that the sum for lower-order m is
The evaluation of the individual half-moment is similar to the post/pre-moments, but additional caution is needed in determining the valid integration limits leading to a meaningful Regarding to the new integration limit u = p/2, the correspondent azimuthal angle f* † is accordingly defined by 0 = −sin u ' sin a cos f* † + cos u ' cos a (30) at u = p/2, so that cos f* † = (cos u ' cos a)/ (sin u ' sin a).
Although complicated, the calculation of the half-moments is rather straightforward, and the results for m = 0 are
For detailed derivations regarding eqns (31)- (32), see Chen et al. (1999) . Equation (31) was investigated numerically by Macnab & Koshland (1973 ). But Lovely & Dahlquist (1975 were the first to independently derive eqn (31) to show that the probability to reverse the sign of the z-component of the run in one single turn is a /p. Since H 0 (V v) represents the total probability to switch between hemispheres in a single turn, the inverse of H 0 (V v) is the number of successive turns required to stay in the same hemisphere per unit probability of reversing hemispheres. Statistically, the event of reversing the running direction to the opposite hemisphere happens for every 1/H 0 (V v) successive turns that persist in the same hemisphere. This is exactly the definition of the persistence number defined by Macnab & Koshland (1973) and later derived by Lovely & Dahlquist (1975) ,
As mentioned earlier, a /p is the reversal probability relative to the z-axis in a three-dimensional space. However, Rivero et al. (1989) proposed another phenomenological reversal probability (1 − c d )/2 that accounts for the effect of directional persistence on turning in their one-dimensional random-walk model. Those two definitions of the reversal probability in one turn, although agreeing with each other in many limiting aspects ( a = 0 corresponds to c d = 1, a = p/2 corresponds to c d = 0, and a = p corresponds to c d = −1), are not rigorously the same. How does one definition differ from the other? Carrying out the calculations for the first-order reverse half-moment, we found that
Therefore H 1 (V v) represents the cosine-weighted reversal probability, or conceptually, the mean projected probability of switching hemispheres relative to the z-axis in a single turn. Then how is H 0 (V v) different from H 1 (V v) except for the mathematical definitions? In general, the zerothorder reversal probability H 0 (V v) emphasizes the fraction of the bacteria that leaves the previous hemisphere, whereas the first-order reversal probability H 1 (V v) emphasizes not only the fraction of the bacteria that enters the opposite hemisphere but also the projection of this fraction along a one-dimensional axis, and thus is similar to a one-dimensional flux term. In addition, H 0 (V v) and H 0 (V) are complementary probabilities to each other. But the sum of H 1 (V v) and H 1 (V) is eqn (29), whose absolute value is always less than or equal to 1/2.
Applications
In this section we apply the results in Section 3 to the perturbative cell angular density solution n (z, u, t) and the bulk Fickian flux expression. The explicit expressions for the higher-order moments of K(u '=u) will be particularly appreciated when an analytical investigation of the approximate solutions to partial differential equations (PDE) such as eqn (1) needs to be carried out.
In practice, approximate cell angular density solutions in three-dimensional space are best sought by expanding the solution n(z, sx , t) in spherical harmonic functions. This method requires all the involved field functions (in this case p t and k) be expanded in the same way so that the approximate angular density solution, also expanded in a series of spherical harmonics, can be sought by collecting terms of the same expansion order and solving the set of coupled PDEs. However, there exists a rule dictating the functional dependence of p t concerning the biological response of E. coli to chemoattractant gradients, which may pose an obstacle in the use of spherical harmonic expansions. Since E. coli mediates its tumbling frequency by a temporal comparison mechanism (Berg & Brown, 1972; Berg & Tedesco, 1975; Block et al., 1983; Macnab & Koshland, 1972) , in the presence of a one-dimensional spatial attractant gradient, p t should be a function of j cos u (Rivero et al., 1989; Chen et al., 1999) . Here we assume the parameter j(z, t) to represent the combination of the chemotaxis sensitivity and the magnitude of the attractant spatial gradient. E. coli receives a temporal signal proportional to j cos u in a spatially anisotropic environment. Thus physically j cannot be separated from cos u. Since the product j cos u is a single perturbation parameter to the cellular angular density solution as well as the chemotactic drift velocity, expanding p t in Legendre polynomials P m (j cos u) does not simplify the solution due to the multiple orders O(j) in P m (j cos u). Expanding p t in terms of a series of j m P m (cos u) can easily find the solution but the expansion is non-physical-the motile bacteria do not receive signals via such a mechanism in which the spatial gradient j, detected in a temporal form, can be separated from the swimming angle cos u. On the other hand, expanding all functions in a power series of j cos u may be tedious but is based on an expansion that seems more physically relevant. Nevertheless, both approaches are mathematically equivalent and should render the same final conclusion, which has been demonstrated in the Appendix for the use of addition theorem in K(u '=u).
One specific example is the expansion of the exponential tumbling function found by Berg & Brown (1972) . The analytic results from both approaches are summarized in Table 2 . When p t is perturbed around the isotropic p 1 by the Maclaurin formula and Legendre polynomials, we found, after utilizing eqns (20) and (21) and the following identity The two integrals above are evaluated by substituting in the expansions in Ln 1 and Ln 2 of Table 2 , and then listed in Ln 3 and Ln 4. Due to the orthogonal property, Legendre polynomials always yield more compact expressions, which, however, does not indicate that Legendre polynomials, though mathematically superior, are physically appropriate. The equilibrium angular density distribution, according to Lovely & Dahlquist (1975) , should be inversely proportional to the tumbling frequency distribution. Thus
in which (j/sinh j) is a normalization factor. Expanding eqn (40) yields exactly the same, result expanded from the power-series density solution in Table 2 . Figure 5 depicts comparisons of the dimensionless m¯and V c vs. j for different approaches against the theoretical lines calculated from eqn (40). It is found that the predictions of the power-series and the Legendre polynomials underestimate and overestimate, respectively, with respect to the exact solution (solid lines). When j approaches zero, both expansion solutions converge to the theoretical lines. When expanding p t to only the first order, both approaches are identical in that they all yield m¯= 1/3 and V c = j/3, which are the theoretical results previously derived by Lovely & Dahlquist (1975) and Chen et al. (1999) . The first-order approximation is called the ''diffusion approximation'' due to its capability of rendering the exact diffusion coefficient. Obviously, the assumption of linear functional dependency for the tumbling frequency is not quite general. Schnitzer (1993) derived the same diffusion approximation results using a similar approach in studying the same cell balance equation (1) for E. coli. His work only focused on the first-order approximation, namely the tumbling frequency p t was only expanded linearly. Consequently, he did not pursue the analytical properties of the higher moments of the turning probability density kernel, which are required when perturbing the solutions to higher orders. . However, it should not be confused with the usefulness of the higher-order cosine moments of K(u '=u) which enable us to derive the perturbation expansion solutions. More accurate cell angular density approximate distribution can be obtained only by employing higher-order expansion coefficients which need such relations as eqns (20) and (21) or eqn (35).
Conclusion
Due to the importance of the global turning PDF in the cell balance equation and in the interpretation of various statistical indices, in this paper we have analytically exploited the properties of the reduced global turning probability density function K(u '=u) and its various types of moments, which are then applied to the perturbed bacterial angular density solutions. The reduced global turning probability density function was found to possess interchangeability in its two angle variables. Depending on the integration range and the variable to be integrated, three different moments of K(u '=u) have been defined and investigated. We also showed that the directional persistence should be a unidirectional vector aligned with the running direction, and the directional persistence can be linearly projected to arbitrary axes.
From the analysis of the half-moments, the persistence number N defined by Macnab & Koshland (1973) is just the inverse of the zeroth-order reversal probability. A one-dimensional probability defined by Rivero et al. (1989) is found to be the first-order reversal probability and can also be interpreted as the projected reversal probability along the z-axis. The lower-order moments of various types of K(u '=u) are directly related to many statistical indices such as the directional persistence, persistence number, and one-dimensional reversal probability, which are all important parameters in assessing motile bacterial random walks. On the contrary, the higher-order moments are useful in searching the approximate angular density solution perturbed by the chemoattractant gradient.
Finally, it should be emphasized that although the partial differential equation (1) wherein the global turning PDF appears is derived under the one-dimensional axisymmetric system, the theoretical results in this work are not restricted by it. The key assumption we have made about the global turning PDF is the rotational invariance for k(sx '=sx ). As long as this assumption holds, our results apply. Except for the explicit expression of K(u '=u) that needs an explicit function of W(a) in terms of a cosine power series, other results and conclusions depend on only the macroscopic indices c d m or a .
